We extend the notion of reticular Legendrian unfoldings in order to investigate multi-time bifurcations of wavefronts generated by an r-corner. We give a classification list of generic and stable bifurcations with two time parameter and give all generic figures in the plane and the space.
Introduction
Legendrian singularity can be found in many problems of differential geometry, calculus of variations and mathematical physics. One of the most successful their applications is the study of singularity of wavefronts. Bifurcation of wavefronts generated by a hypersurface without boundary in a smooth manifold is investigated as the theory of Legendrian unfoldings by S.Izumiya [1] . We investigated the theory of reticular Legendrian unfoldings in order to describe bifurcations of wavefronts generated by a hypersurface with an r-corner in [5] . These theories are investigated on one-parameter bifurcations of wavefronts. In this paper we investigate m-parameter bifurcations of wavefronts on an r-corner. Since almost theory can be proved by the parallel methods of [5] , we give our theory along the paper and omit the details the parts which can be prove by the parallel methods.
Let us consider a m-parameter family {L σ,t } σ⊂Ir,t∈(R m ,0) of contact regular r-cubic configurations on J 1 (R n , R) defined by contact embedding germs C t : (J 1 (R n , R), 0) → J 1 (R n , R) depending smoothly on t ∈ (R m , 0) such that C 0 (0) = 0, L σ,t = C t (L 0 σ ) for all σ ⊂ I r , t ∈ (R m , 0). We investigate bifurcations of wavefronts of {L σ,t } σ⊂Ir around time 0. In order to realize this, we shall need to extend the notion of reticular Legendrian unfoldings which is defined in [5] .
Stabilities of unfoldings
In this section we recall the theory of function germs with respect to the reticular t-P-Kequivalence relation which is developed in [3] .
Let H r = {(x 1 , . . . , x r ) ∈ R r |x 1 ≥ 0, . . . , x r ≥ 0} be an r-corner. We denote by E(r; k 1 , r; k 2 ) the set of all germs at 0 of smooth maps H r × R k 1 → H r × R k 2 and set M(r; k 1 , r; k 2 ) = {f ∈ E(r; k 1 , r; k 2 )|f (0) = 0}. We denote E(r; k 1 , k 2 ) for E(r; k 1 , 0; k 2 ) and denote M(r; k 1 , k 2 ) for M(r; k 1 , 0; k 2 ).
If k 2 = 1 we write simply E(r; k) for E(r; k, 1) and M(r; k) for M(r; k, 1). Then E(r; k) is an R-algebra in the usual way and M(r; k) is its unique maximal ideal. We also denote by E(k) for E(0; k) and M(k) for M(0; k). We remark that E(r; k, p) is an E(r; k)-module generated by p-elements.
We denote by J l (r + k, p) the set of l-jets at 0 of germs in E(r; k, p). There are natural projections:
π l : E(r; k, p) −→ J l (r + k, p), π
: J l 1 (r + k, p) −→ J l 2 (r + k, p) (l 1 > l 2 ).
We write j l f (0) for π l (f ) for each f ∈ E(r; k, p). Let (x, y) = (x 1 , · · · , x r , y 1 , · · · , y k ) be a fixed coordinate system of (H r × R k , 0). We denote by B(r; k) the group of diffeomorphism germs (H r × R k , 0) → (H r × R k , 0) of the form:
φ(x, y) = (x 1 φ 1 1 (x, y), · · · , x r φ r 1 (x, y), φ 1 2 (x, y), · · · , φ k 2 (x, y)). We denote by B n (r; k + n) the group of diffeomorphism germs (H r × R k+n , 0) → (H r × R k+n , 0) of the form:
We denote φ(x, y, u) = (xφ 1 (x, y, u), φ 2 (x, y, u), φ 3 (u)),
, and denote other notations analogously.
Lemma 2.1 (cf., [6, Corollary 1.8]), also see [3, Lemma2.1]) Let B be a submodule of E(r; k+ n + m), A 1 be a finitely generated E(m)-submodule of E(r; k + n + m) generated d-elements, and A 2 be a finitely generated E(n + m) submodule of E(r; k + n + m). Suppose
We recall the stabilities of n-dimensional unfolding under reticular P-K-equivalence which is developed in [2] .
We say that f 0 , g 0 ∈ E(r; k) are reticular K-equivalent if there exist φ ∈ B(r; k) and a unit a ∈ E(r; k) such that g 0 = a · f 0 • φ.
We say that a function germ f 0 ∈ M(r; k) is reticular K-l-determined if all function germ which has same l-jet of f 0 is reticular K-equivalent to f 0 . If f 0 is reticular K-l-determined for some l, then we say that f 0 is reticular K-finitely determined.
We say that f, g ∈ E(r; k + n) are reticular P-K-equivalent if there exist Φ ∈ B n (r; k + n) and a unit α ∈ E(r; k + n) such that g = α · f • Φ.
We say that f (x, y, u) ∈ M(r; k + n) is reticular P-K-infinitesimally stable if
We define the several stabilities of unfolding of function germ under the reticular P-Kequivalence in M(r; k) in [3] . We have the following theorem:
Then the following are equivalent.
We say that F, G ∈ E(r; k + n + m) are reticular t-P-K-equivalent if there exist Φ ∈ B(r; k + n + m) and a unit α ∈ E(r; k + n + m) such that (1) Φ can be written in the form: Φ(x, y, u, t) = (xφ 1 (x, y, u, t), φ 2 (x, y, u, t), φ 3 (u, t), φ 4 (t)),
We say that F (x, y, u, t) ∈ M(r; k + n + m) is reticular t-P-K-infinitesimally stable if
We define the several stabilities of unfolding of function germ under the reticular t-P-Kequivalence in M(r; k + n + m) in [3] . We have the following theorem: Theorem 2.4 (see [3, Theorem 3 .14]) Let F (x, y, u, t) ∈ M(r; k + n + m) be an unfolding of f (x, y, u) ∈ M(r; k + n) and let f is an unfolding of f 0 (x, y) ∈ M(r; k). Then following are equivalent.
(1) There exists a non-negative number l such that f 0 is reticular K-l-determined and F is reticular t-P-K-q-transversal for q ≥ lm
This theorem is used in the proof of Theorem 4.4.
Reticular Legendrian unfoldings
We consider the 1-jet bundle J 1 (R n , R) with the canonical 1-form θ and the canonical coordinate system (q, z, p) = (q 1 , . . . , q n , z, p 1 , . . . , p n ), the natural projection π :
We also consider the big 1-jet bundle J 1 (R m × R n , R). and the canonical 1-form Θ on that space. Let (t, q) = (t 1 , . . . , t m , q 1 , . . . , q n ) be the canonical coordinate system on R m × R n and (t, q, z, s, p) = (t 1 , . . . , t m , q 1 , . . . , q n , z, s 1 , . . . , s m , p 1 , . . . , p n ) be the corresponding coordinate system on J 1 (R m × R n , R). Then the canonical 1-form Θ is given by
There exists the natural projection
Then we consider the following contact diffeomorphism germ C on (J 1 (R m × R n , R), 0):
For any multi-family of contact embedding germs
, 0) such that h i depends only on t, q, z, s i , p for each i and the map germ C : (
The function germ h i is uniquely determined by
We define thatL
. We say that C is a P-contact diffeomorphism if C has the form:
and the function germ h i C depends only on t, q, z, s i , p for each i = 1, . . . , m.
We note that: Let {L σ } σ⊂Ir be an unfolded contact regular r-cubic configuration associated with an m-parameter family of contact regular r-cubic configurations {L σ,t } σ⊂Ir,t∈(R m ,0) . Then there is the following relation between the wavefront W σ = Π(L σ ) and the family of wavefronts W σ,t = π(L σ,t ):
for all σ ⊂ I r .
Let K, Ψ be contact diffeomorphism germs on (J 1 (R m × R n , R), 0). We say that K is a P-Legendrian equivalence if K has the form:
We say that Ψ is a reticular P-diffeomorphism if π t • Ψ depends only on t and Ψ preserves L 0 σ for all σ ⊂ I r .
Let {L i σ } σ⊂Ir (i = 1, 2) be unfolded contact regular r-cubic configurations on (
. We say that they are P-Legendrian equivalent if there exist a P-Legendrian
In order to understand the meaning of P-Legendrian equivalence, we observe the following: Let {L i σ } σ⊂Ir (i = 1, 2) be unfolded contact regular r-cubic configurations on (
be the corresponding m-parameter families of contact regular r-cubic configurations on J 1 (R n , R) respectively. We take the smooth m-parameter path germs
We also define the equivalence relation among reticular Legendrian unfoldings. Let
We say that L 1 and L 2 are P-Legendrian equivalent if there exist a P-Legendrian equivalence K and a
, 0) such that C defines {L σ } σ⊂Ir and preserves the canonical 1-form.
We can construct generating families of reticular Legendrian unfoldings. A function germ F (x, y, t, q, z) ∈ M(r; k + m + n + 1) is said to be P-C-non-degenerate if 
By Lemma 3.4 we may assume that an extension of reticular Legendrian unfolding preserves the canonical 1-form.
is a diffeomorphism, there exists a function germ H(T, Q, p) ∈ M(m + n + n) 2 such that the canonical relation P C associated with C has the form:
and the function germ F ∈ M(r; n+m+n+1) defined by F (x, y, t, q, z) = −z +H(t, x, 0, y)+ y, q is a generating family of the reticular Legendrian unfolding C| L .
We have the following theorem which gives the relations between reticular Legendrian unfoldings and their generating families. 
Stabilities of reticular Legendrian unfoldings
. Let (T, Q, S, Z, P ) and (t, q, z, s, p) be canonical coordinates of the source space and the target space respectively. We define the following notations:
, 0) be the inclusion map on the source space,
Let V = U ∩ {Z = 0} andĩ : V → U be the inclusion map. 
Then there exist open neighborhoods NC0 ofC 0 in C ∞ -topology such that for anyC ∈ NC 0 , there exist points x 0 = (T, 0, . . . , 0, P 0 r+1 , . . . , P 0 n ) ∈ U such that the reticular Legendrian unfolding L x 0 and L are P (m) -Legendrian equivalent, where the reticular Legendrian unfolding L x 0 is defined by
Homotopical stability: A one-parameter family of P-contact embedding germsC : (
is called a one-parameter deformation of reticular diffeomorphisms if Ψ 0 = id J 1 (R m ×R n ,R) and Ψ t is a P-diffeomorphism for all t around 0. We say that L is homotopically stable if for any reticular P-contact deformationsC = {C τ } of L, there exist one-parameter families of P-Legendrian equivalences
and one-parameter deformations of reticular
, 0) be a P-contact diffeomorphism germ. We say that a vector field v on (J 1 (R m ×R n , R), 0) along C is an infinitesimal P-contact transformation of C if there exists a P-contact deformationC = {C τ } on (J 1 (R m ×R n , R), 0) such that C 0 = C and dCτ dτ | τ =0 = v. We say that a vector field ξ on (J 1 (R m × R n , R), 0) is an infinitesimal reticular P-diffeomorphism if there exists a one-parameter deformation of reticular P-diffeomorphismsΨ = {Ψ τ } such that dΨτ dτ | τ =0 = ξ. We say that a vector field η on (J 1 (R m × R n , R), w) is an infinitesimal P-Legendrian equivalence if there exists a one-parameter family of P-Legendrian equivalencesK = {K τ } such that K 0 = id J 1 (R m ×R n ,R) and dKτ dτ | τ =0 = η. We say that L is infinitesimally stable if for any extension C of L and any infinitesimal P-contact transformation v of C, there exist infinitesimal reticular Pdiffeomorphisms ξ and infinitesimal P-Legendrian equivalences η of the form
such that v = C * ξ + η • C.
We may take an extension of a reticular Legendrian unfolding L by an element of 
given by replacing to C Θ,Z By this lemma, we may choose an extension of a reticular Legendrian unfolding from among all of
We say that a function germ H on (
) is an infinitesimal P-Legendrian equivalence if and only if there exists a P-fiber preserving function germ
is an infinitesimal reticular P-diffeomorphism if and only if there exists a function germ g ∈ B such that ξ = X g , where B = q 1 p 1 , . . . , q r p r , q r+1 , . . . , q n , z Et,q,z,p + s Et .
We define the several stabilities of reticular Legendrian unfoldings and we have the following theorem: Theorem 4.4 (cf., [5, Theorem 4.6] ) Let L be a reticular Legendrian unfolding with a generating family F (x, y, t, q, z). Then the following are all equivalent.
Et , where C ′ = C| z=s=0 and B 0 = q 1 p 1 , . . . , q r p r , q r+1 , . . . , q n Et,q,p .
Genericity of reticular Legendrian unfoldings
In order to give a generic classification of reticular Legendrian unfoldings, we reduce our investigation to finite dimensional jet spaces of P-contact diffeomorphism germs.
Definition 5.1 Let L be a reticular Legendrian unfolding. We say that L is l-determined if the following condition holds: For any extension 
As Lemma 4.2, we may consider the following other definition of finitely determinacy of reticular Legendrian maps: (1) The definition given by replacing
We may assume that P C has the form
Then the function germ F (x, y, t, q, z) = −z + H 0 (x, y, t) + y, q ∈ M(r; n + m + n + 1) is a generating family of L, where H 0 (x, y, t) = H(t, x, 0, y) ∈ M(r; n + m) 2 . We have that F is a reticular t-P-K-stable unfolding of f (x, y, q, z) := −z + H 0 (x, y, 0) + y, q ∈ M(r; n + n + 1). This means that E(r; n + 1 + n + m) = F, x ∂F ∂x , ∂F ∂y E(r;n+1+n+m) + 1,
By the restriction of this to q = z = 0, we have that
This means that
Let
Since H = z − qp on P C and H ′ = z − qp on P C ′ , we have that
and this means that H 0 (x, y, 0) is reticular K-(n+m+2)-determined by Lemma 2.2. Therefore we may assume that (8) and (9), we have that
Then we have that
By Malgrange preparation theorem we have that
for τ 0 ∈ [0, 1]. Then there exist Φ(x, y, t) ∈ B m (r; n + m) and a unit a ∈ E(r; n + m) and b 1 (t), . . . , b n (t), c(t) ∈ M(m) such that (1) Φ has the form: Φ(x, y, t) = (xφ 1 (x, y, t), φ 2 (x, y, t), φ 3 (t)),
Ψ(x, y, t, q, z) = (xφ 1 (x, y, t), φ 2 (x, y, t), φ 3 (t), q(1 − b(t)), z), d(x, y, t, q, z) = a(x, y, t).
| t=0 = 0, we have that a(x, y, 0) = 1 and Φ(x, y, 0) = (x, y, 0). Therefore we have that G ′ | t=0 = f . Then F and G ′ are reticular t-P-K-infinitesimal versal unfoldings of F | t=0 . Since G and G ′ are reticular t-P-K-equivalent, it follows that F and G are reticular t-P-K-equivalent. Therefore L and C ′ | L are P-Legendrian equivalent.
Let L be a stable reticular Legendrian unfolding. We say that L is simple if there exists a representativeC ∈ C T (U, 
Let J l (2n + 2m + 1, 2n + 2m + 1) be the set of l-jets of map germs from (
, 0) and tC l (n) be the immersed manifold in J l (2n + 2m + 1, 2n + 2m + 1) which consists of l-jets of P-contact embedding germs. Let L l (2n + 2m + 1) be the Lie group which consists of l-jets of diffeomorphism germs on (J 1 (R × R n , R), 0). We consider the Lie subgroup rtLe l (2n + 2m + 1) of L l (2n + 2n + 1) × L l (2n + 2m + 1) which consists of l-jets of reticular P-diffeomorphisms on the source space and l-jets of P-Legendrian equivalences of Π at 0:
K is a P-Legendrian equivalence of Π}.
The group rtLe l (2n + 2m + 1) acts on J l (2n + 2m + 1, 2n + 2m + 1) and tC l (2n + 2m + 1) is invariant under this action.
Let C be a P-contact diffeomorphism germ on ( 2 . Then the followings are equivalent:
Proof. We prove only (a')⇒(a) By the restriction of (a') to t = 0 we have that:
and we have that
It follows that
This means (a) by Lemma 2.1.
such that for anyC ∈ O and w ∈ U, the reticular Legendrian unfoldingC w | L is stable and has a generating family which is stably reticular t-P-K-equivalent to one of the types in the classification list below.
Let F (x, y, u, t) ∈ M(r; k + n + 2) be a reticular t-P-K-stable unfolding of f (x, y) be given (r = 0, n ≤ 6 or r = 1, n ≤ 4). Since f is simple singularity we may assume that f has the normal form of A, D, E(r = 0) or B, C, F (r = 1). By analogous method of [3, p. 200], we may assume that F has the form
where the function germ f (x, y)+tϕ 0 (x, y)+u 1 ϕ 1 (x, y)+· · ·+u l−1 ϕ l−1 (x, y) ∈ M(r; k +n+1) is a reticular t-P-K-universal unfolding. Since F is also a reticular t-P-K-universal unfolding of f , we have that This means that a(u l , . . . , u n , t) is a P-R-versal unfolding of a(u l , . . . , n, 0) with codimension ≤ 3. Since the P-R-equivalence of a is allowed under the reticular t-P-K-equivalence, it follows the classification of P-R-versal unfolding of functions on u l , . . . , u n of type A 2 , A 3 .
We classify F (x, y, q, t) ∈ M(r; k + n + m) with r = 0, n ≤ 6, m = 2 and r = 1, n ≤ 4, m = 2. 
